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Abstract 

We have recently shown that the output field in the Braunstein-Kimble protocol of teleportation 
is a superposition of two fields: the input one and a field created by Alice's measurement and by 
displacement of the state at Bob's station by using the classical information provided by Alice. 
We study here the noise added by teleportation and compare its influence in the Gaussian and 
non-Gaussian settings. 
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I. INTRODUCTION 



In the Braunstein-Kimble protocol for teleporting one-mode states of the electromagnetic 
field [l], two distant operators, Alice at a sending station, and Bob at a receiving terminal, 
share a two-mode entangled quantum state and exploit its nonlocal character as a quantum 
resource for teleporting a single-mode state whose density operator is denoted by pi n . Mode 
1 of the shared resource having the density operator pab is given to Alice and mode 2 is 
given to Bob. First Alice performs a complete projective measurement on the joint system 
described by the three-mode product state p in ® pab and then conveys its outcome to 
Bob via a classical communication channel. As a consequence of Alice's measurement, the 
total state of the three-mode system collapses. Finally, Bob makes use of the information 
transmitted classically by Alice to transform his state into an output that is a replica of 
the original unknown input. Unfortunately, a perfect replica is obtained only for an ideally 
entangled state Pab- In general, teleportation in the continuous- variable settings is a noise- 
generating process A comprehensive account for the role of teleportation in the context 
of continuous- variable quantum information is given in the reviews [3|, |4| . The present paper 
is a continuation of our work on Braunstein-Kimble protocol in the characteristic-function 
(CF) description Q]. We focus here on describing the distorsion of the teleported state in 
terms of the properties of the two-mode resource state. In Sec. 2 we review the steps of the 
Braustein-Kimble protocol and derive the factorized CF of the teleported state. We discuss 
in Sec. 3 the properties of the distorting state by using the relation between its normally 
ordered correlation functions and two-mode correlation functions of the resource state. We 
find that the conclusions drawn in our paper Q for a Gaussian resource are valid in general. 
In Sec. 4 we show that the mean occupancy in the distorting field equals the EPR-uncertainty 
of the resource state. This gives us reasons for using it as a measure of teleportation accuracy. 
Finally we discuss the case of pure resource states of given entanglement and show that the 
two-mode squeezed vacuum state (SVS) generates the minimal noise in the teleportation 
output. 
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II. TELEPORTATION REVISITED 



Recall the one-to-one correspondence between the density operator p of a n-mode field 
state and its CF defined as the expectation value of the n-mode displacement operator 
x(Ai, A 2 - • -A n ) := Tr[pD(X 1 )D(X 2 ) ■ ■ ■ D(X n )}. Here D(a) = exp (aa) - a* a) is a Weyl 
displacement operator and a denotes the annihilation operator. The density operators of 
the states involved in the protocol, p in and pab, were written as Weyl expansions, 

p m = \J d 2 A X in(\)D(-\), (1) 

and 

Pab = ^ / d 2 Aid 2 A 2 xab(Ai,A 2 ) j D 1 (-A 1 ) j D 2 (-A 2 ). 

(2) 

Here Xm(A) is the CF of the one-mode input state and Xab(Ai, A 2 ) describes the two-mode 
resource state. The steps of the Braunstein-Kimble protocol are summarized as follows. 

• quantum measurement of the variables 

Qrn = q-in ~ ?1, An = Pin + Pi (3) 

with the canonical operators: q,j = (dj + dj)/V2, pj = (dj — dj)/(s/2i). dj and 
Oj (j = 1,2) are the amplitude operators for the entangled modes of the state pab- 
The common eigenfunctions of the commuting observables Q m , P m have the following 
expansion 

oo 

\®inA<liP)) = / dr]e tpr! \q + rf) in ® \ V ) A , (4) 

— oo 

where the pair (q,p) denotes the outcome of the measurement. 

• classical communication of the measurement's results (performed by Alice to Bob) The 
state at Bob's side predicted by quantum mechanics after Alice's measurement is 

p B {q,p) ~ Tr m , A {[Mq,p))(<5>{q,p)\ ® I B ] {pin ® Pab)} ■ (5) 

• displacement of the state at Bob's location with the parameter p = q + ip 
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Following the protocol step by step we have finally reached the following factorization for- 
mula for the CF of the teleported state Xo«t(A) 

Xout(X) = Xin(X)XAB(y, A). (6) 

Therefore XoutW is the product between the CF of the input state Xm(A) and a function 
only depending on the properties of the two-mode resource state and the geometry of mea- 
surement {2]. We have interpretated Eq. (jSj) as describing the superposition between the 
input field in and a single-mode one reduced from the entangled AB field by the measure- 
ment performed by Alice followed by the phase- space translation performed by Bob. We 
have identified the function Xab(A*, A) as the normally ordered CF of a one-mode distorting 
field whose density operator is denoted by pu'- 

X { m ] W=Xab(X\X). (7) 

Equation ([6]) is valid for arbitrary input and resource states. According to Eq. jTJ the 
properties of the distorting field state pu are fully determined by the two-mode resource 
state. Thus, if the entangled state pab is a two-mode Gaussian state, then any single-mode 
Gaussian input is teleported as a single-mode Gaussian output. In our paper |2|] we focused 
on the Gaussian resource state case and derived several properties of the state pu- We have 
written the covariance matrix (CM) of the state pu by making explicitly use of the Gaussian 
character of the resource state Pab- The input state distortion through teleportation was 
described by the average photon number of the measurement-induced field pu that we 
called added noise. In the case of symmetric Gaussian resource states we have found a 
relation between the optimal added noise and the minimal EPR correlations used to define 
inseparability. Our principal aim in the present paper is to deepen the relation between the 
properties of the two-mode resource state and those of the distorting field M. 



III. SECOND-ORDER CORRELATIONS 



According to the definition of a normally ordered CF 5] we have for the one-mode 
distorting state (amplitude operators a, a>) 



(JV), 

Xm 



00 _ 

(a) = E ^'(-atwo 



M ■ 



(8) 



Lm=0 



From the similar expansion of the two-mode CF of the state pab we find 



X ab(X*,X) = exp(-|A| 2 ) 




l\m\ 

x((aly(ai) l ~ r ala™- s )AB. (9) 

By using Eq. we could find relations between the correlation functions of the distorting 
state and two-mode correlation functions of the resource state. Let us now suppose that the 
two-mode resource state is undisplaced. Our first goal is to write the CM of the one-mode 
distorting field pu defined as 

v M =( a(qq)a[qp) \. (10) 

ya(qp) a(pp) J 

In Eq. ( fill we have denoted by cr(qq) = (<? 2 )m, cr(pp) = (P 2 )m, c(qp) = (qp)M, the second- 
order correlations of the canonical operators q = (d + a))/ y/2, p = (a — a))/ (y2i), where d 
and at, are the amplitude operators of the state M. Equation gives us via Eqs. (|HD and 
© 

(d 2 ) M = (al) A B + ((a\) 2 ) A B - 2(a\a 2 ) AB , (11) 
(d t d) M = 1 + (ala^AB + (aJ 2 a 2 ) ab - (aia 2 ) AB - (a\al) A B, (12) 
such that the entries of the CM of the distorting state M are 

CT (<?<?) = ^ + ^fe<?2) +<r(qiqi) -2a(q 1 q 2 ). (13) 
a(qp) = a(q 2 p 2 ) - a(qipi) + cr(q 2 pi) - cr(qip 2 ). (14) 

<r(pp) = \ + °{V2V2) + <?{ViVi) + 2a(p 1 p 2 ). (15) 

We have thus expressed the CM of the state pM in terms of the correlations of the canonical 
operators dj, pj, (j = 1, 2) of the two-mode resource state pab- Equations ffTB"]) - f|T5|) are valid 
for arbitrary two-mode resource state (Gaussian and non-Gaussian). For later convenience 
let us introduce two commuting operators Q, P closely related to those measured by Alice: 

Q(fa, fa) ■= Qm{fa -> fa, fan -> fa) = fa-fa (16) 

P(Pufa) = Prnipl Pi, Pin ~^ fa) = Pi + fa- (17) 
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The correlations ffT3l)- (TT5l) are written now 



°{qq) = \ + (Q 2 ), a(qp) = (QP), a(pp) = \ + (P 2 ). 



Two conclusions arise from the new aspect of the entries of the CM ([TO 



(18) 



1. The Robertson-Schrodinger uncertainty relation, 



detV A / = cr(qq)cr(pp) - {o(qp)) 2 > 



(19) 



is verified because 



(Q 2 }(P 2 }-(QPy>0. 



(20) 



2. The distorting state is not squeezed: Vm > hh- 



IV. ACCURACY OF TELEPORTATION. ADDED NOISE 



Originally, the quality of the teleportation protocol was quantified by the overlap of the 
in and out states for pure in states [l| or the Uhlmann fidelity for mixed Gaussian states 
, LD]. So defined, the fidelity of teleportation depends on the input state: 
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T{in,out) = - d Ax*„(A) x out (A). 



In particular, the fidelity of teleportation for a coherent state is written via Eq. 



F co h = - I d 2 Aexp(-|A| 2 )x AB (A*, A), 
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or, equivalently 



coh 



Qm(0). 



(21) 



(22) 



In Eq. ( 1221) . <2a/(0) is the expectation value of the density operator of the state M in vacuum, 
namely is the Q(a)-function |5| of this state at a = 0. 

fi fj n 

Following Refs.[8|, [9j, [lOj we evaluate the teleportation quality in terms of the mean 
occupancy in the remote field pu which can be seen as the amount of noise distorting the 
properties of the input field state. From Eq. f|T2|) via Eq. ([TBI we get 



(a ] a) M 



1 

2 



(Q 2 ) + (P 2 ) 



(23) 



The r.h.s. of Eq. (|23|) is in fact the EPR- uncertainty generally defined in the undisplaced 
two-mode case as 

^epr(p) ■= \ [<(& - Qi) 2 + ((pi + P2) 2 )] ■ (24) 

We can now formulate the main results of this paper. 

Theorem 1: The amount of noise distorting the properties of the input field state is 
rigourously equal to the E PR-uncertainty of the resource state pab ■ 

(a j a) M = A EPR (p AB ). (25) 

Note that this is valid far an arbitrary two-mode resource state. When the condition 
Aepr(pab) < 1 is met the state pab presents non-local correlations. Therefore the telepor- 
tation process generates less noise in the output state when the non-locality of the resource 
state expressed by the EPR-uncertainty (1241) is stronger (Aepr(pab) is smaller). 



We discuss now the case of pure two-mode resource states. According to Giedke et al. [111 ], 
there is a direct relation between the amount of entanglement and the EPR-uncertainty of 
pure two- mode states. Thus, among all pure two- mode states (Gaussian and non- Gaussian), 
the squeezed vacuum state (SVS) has the minimal amount of entanglement at a prescribed 
EPR-uncertainty. Otherwise said, among all pure states with the same entanglement the 
SVS has minimal Aepr (maximal EPR-correlations). Application of this important result 
leads us to a strong interpretation of Eq. ( 1251) : 

Theorem 2: The minimal noise added in teleportation with pure two-mode resource states 
having the same entanglement is realized by the SVS. 

To conclude, in this paper we have shown that the quality of the continuous- variable 
teleportation is determined by the amount of non-locality measured by the EPR-uncertainty 
of the resource state. As a consequence of the factorization formula (EI) this characterization 
of the efficiency of the teleportation process is valid for arbitrary input one-mode states. 



We could apply the strong theorem proved in Ref.fllJ to show that SVS generates the 
minimal noise in the teleportation output when comparing all pure resource states of given 
entanglement. 
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